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We study the behavior of the out-of-time-ordered correlator (OTOC) in a non-Hermitian quantum
Ising system. We show that the OTOC can diagnose not only the ground state exceptional point,
which hosts the Yang-Lee edge singularity, but also the dynamical exceptional point at the excited
state. We find that the evolution of the OTOC in the parity-time symmetric phase can be divided
into two stages: in the short-time stage, the OTOC oscillates periodically, and when the parameter
is near the ground state exceptional point, this oscillation behavior can be described by both the
scaling theory of the (0 + 1)D Yang-Lee edge singularity and the scaling theory of the (1 + 1)D
quantum Ising model; while in the long-time stage the OTOC increases exponentially, controlled by
the dynamical exceptional point. Possible experimental realizations are then discussed.
Introduction— Understanding the nonequilibrium dy-
namics is one of the most interesting and challenging
issues in quantum many-body physics [1–4]. Spurred
in part by the great progress made in experiments,
a lot of new dynamical phenomena have been discov-
ered. These include the eigenstate thermalization hy-
pothesis [5–7], many-body localization in disordered sys-
tems [8–10], scarred states in the Rydberg atomic sys-
tems [11–14], dynamical phase transitions in the time
domain [15–17], and the emergent quantum turbulence
after a sudden quench [18–22]. Accordingly, new quanti-
ties are needed to be developed to characterize these new
phases. It has been realized that the out-of-time-ordered
correlator (OTOC) provides a powerful indicator of the
dynamical properties in these dynamical quantum sys-
tems [23–25]. For instance, in quantum chaotic systems,
the OTOC shows an exponential growth with a thermal
Lyapunov exponent [26], while in many-body localiza-
tion systems, the OTOC shows a short-time polynomial
increase and a long-time logarithmic increase [27].
Recently, the OTOC is also used to detect the equi-
librium and dynamical phase transitions. It has been
shown that the Lyapunov exponent extracted from the
OTOC exhibits a maximum around the quantum critical
region [28]. Also, Ref. [29] demonstrates that the OTOC
itself can be regarded as an order parameter to probe the
equilibrium and dynamical phase transitions [30]. This
paradigm has been exploited to determine the universal-
ity classes of the Rabi and Dicke models [31].
On the other hand, the non-Hermitian quantum sys-
tems bring new insights in statistical mechanics and con-
densed matter physics. In statistical mechanics, Yang
and Lee paved the way to understand phase transitions
by analysing the zeros of the partition function in the
complex plane of a symmetry-breaking field [32, 33].
Moreover, the Lee-Yang zeros and the Yang-Lee edge sin-
gularity (YLES) [34] have been observed in recent experi-
ments [16, 35]. Also, the non-Hermitian quantum Hamil-
tonian provides a prototype to study a class of dissipative
phase transitions characterised by the parity-time (PT)
symmetry breaking [36–38]. Different from usual quan-
tum phase transitions which occur by tuning a parameter
in the Hermitian Hamiltonian, dissipative phase transi-
tions are induced by changing the strength of the dissi-
pation. In condensed matter physics, considerable atten-
tions have been attracted by the topological phases in
non-Hermitian systems [39–43]. Moreover, recently, the
dynamical phenomena in non-Hermitian quantum sys-
tems are also studied [44–49]. Given the important roles
played by the OTOC in various Hermitian systems, stud-
ies on the OTOC in non-Hermitian systems are urgently
called for.
In this paper, we study the behavior of the OTOC in
the non-Hermitian quantum Ising model. In this model,
the PT-symmetry breaking can happen in some excited
state with a critical imaginary field [32–34]. We call
this point as the dynamical exceptional point (DEP). We
find that the evolution of the OTOC, which is defined in
the PT-symmetric ground state, is strongly affected by
the DEP. For the parameter smaller than the DEP, the
OTOC shows oscillation behavior; while for the param-
eter larger than the DEP, the evolution of the OTOC
can be seperated into two stages: (i) In the short-time
stage, the OTOC oscillates periodically. Moreover, we
find that when the parameter is near the ground-state
exceptional point (GEP), the OTOC can be described by
both the (0 + 1)D YLES scaling theory and the (1 + 1)D
Ising scaling theory. From the viewpoint of the (0 + 1)D
YLES scaling theory, we find that the OTOC amplitude
A changes with the distance to the GEP, g, as A ∝ g−2;
while from the viewpoint of the (1 + 1)D Ising scaling
theory, we find that A changes with the lattice size L as
A ∝ L−0.5137. (ii) In the long-time stage, the OTOC os-
cillates with an exponentially increasing amplitude. Ac-
cordingly, the OTOC can be employed to detect both the
GEP and the DEP.
Hamiltonian and OTOC— The Hamiltonian of the
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FIG. 1. Real-part of the spectra of the non-Hermitian Ising
model with L = 8 and λ = 1.0025. Left: Full spectra in
the zero momentum sector. The dashed part indicates the
complex spectra. With the increase, the lowest two spectra
change from real values to complex values at the GEP (Green
dot), reflecting a PT-symmetry breaking phase transition and
its universality belongs to the YLES. In addition, in some
excited states, complex spectra appear at some DEPs. The
spectra with the largest absolute value of imaginary part (Red
dashed curve) dominates the long-time dynamics. Right: De-
tailed view of the dominating DEP (Red dot). The GEP is
at hg = 0.0162, and the dominating DEP is at hd = 0.0031.
system reads
H = −
L−1∑
i
σzi σ
z
i+1 − λ
L∑
i
σxi − ih
L∑
i
σzi , (1)
in which σx and σz are the Pauli matrices in the x and z
directions, respectively. The critical point of the ordinary
ferromagnetic-paramagnetic phase transition is λc = 1
and h = 0 [50], while the YLES occurs at the GEP, de-
noted as hg, which is the watershed of the PT-symmetric
phase with real low-energy spectra and the PT-symmtry
breaking phase with complex low-energy spectra [36].
Besides the GEP, one finds that in the excited states,
there are some DEPs, denoted as hd, at which the energy
spectra change singularly. Periodic boundary condition
will be imposed. By using the translational symmetry,
we focus on the zero momentum (k = 0) space in the
following. Figure 1 shows the spectra of model (1) for
k = 0. From Fig. 1, one finds that the parameter at the
DEP is smaller than that at the GEP.
The OTOC used in the main text is defined as [23]
F(t) = Re〈G∗|S(t)SS(t)S|G〉, (2)
in which S ≡∑Li σzi /L with L being the lattice size, and
S(t) ≡ exp(iHt)Sexp(−iHt), |G〉 is the ground state in
the PT-symmetric phase. Note that the left vector in
Eq. (2) is the transposition of |G〉. In the supplemental
material [51], we also study the OTOC for other initial
states.
The general feature of the OTOC for model (1) is
shown in Fig. 2. For h < hd, the OTOC oscillates with
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FIG. 2. Evolution of the OTOC for L = 8, λ = 1.0025 and
hd = 0.0031. (a) For h < hd (h = 0.00305), the OTOC
oscillates with a period inversely proportional to the lowest
energy gap. (b,c) For h > hd (h = 0.00315), the evolution of
OTOC can be separated into two stages. In the short-time
stage, t < tcr, the OTOC also oscillates and its period is also
inversely proportional to the lowest gap; while in the long-
time stage, t > tcr, the amplitude A increases exponentially
as shown in (c), in which logarithmic coordinate are chosen
for vertical axis, and a straight line fit therein indicates a
perfect exponential increasement in the long-time scale. tcr
is the crossover time as marked.
a period inversely proportional to the lowest energy gap.
This demonstrates that for h < hd, the OTOC is deter-
mined by the low-energy physics. Two reasons are listed
as follows: (i) S is the summation of the local opera-
tor, so the OTOC lives in a space spanned by low-energy
states, while the high-energy contributions can be found
as the high-frequency fluctuation attached on the period
envelope curve; (ii) The evolution operator exp(−iHt) is
similar to a unitary operator since all the spectra are real.
In contrast, for h > hd, the evolution can be separated
to two stages. In the short-time stage, the OTOC also
oscillates periodically, similar to the above case; while in
the long-time stage, the OTOC amplitude, A ≡ |F|, in-
crease exponentially. This is because S|G〉 has non-zero
distribution on the excited states, whose energies have
imaginary-parts. In the short-time stage, exp(Im(E)t)
is small, the OTOC is still controlled by the low-energy
physics; while in the long-time stage, exp(Im(E)t) is very
large, and the OTOC is controlled by the high-energy
physics with largest imaginary-part of the spectra. In
the following, we will study in detail the universal dy-
namic of the OTOC in different stages.
Short-time dynamics near the GEP— The discussion
above shows that the low-energy dynamics determines
the evolution of the OTOC when t < tcr. It has been
shown that the low-energy dynamics near the GEP can
be described by the scaling theories in both the (0 + 1)D
and (1 + 1)D, due to the appearance of the overlapping
critical region. This gives rise to a hybrid dynamic scaling
3theory [44, 45]. Here, we study the scaling behavior of
the OTOC near the GEP.
We first show that the OTOC can be described by the
(0 + 1)D scaling theory of the YLES for the fixed lattice
size. We consider the simplest case with L = 1. In this
case, the OTOC can be solved analytically as
F(t) = 16
(∆E)4
Re[h4 + (2− 3e−i∆Et − ei∆Et)h2 + e−2i∆Et],
(3)
in which λ has been chosen to be λ = 1, and thus hg = 1,
and the energy gap ∆E = 2
√
1− h2, which satisfies with
∆E ∝ g−ν0z0/β0δ0 , in which g is defined as g ≡ hg −
h, and ν0 = −1, β0 = 1, δ0 = −2, and z0 = 1 are
all critical exponents of the (0 + 1)D YLES. Near the
GEP, by substituting h ' 1 into Eq. (3), one finds that
the OTOC shows oscillation behavior. Its amplitude A
diverges as
A ∝ g−2, (4)
while its period T is scaled according to
T ∝ g−1/2. (5)
The latter is consistent with the (0 + 1)D YLES scaling
analysis, which gives T ∼ gν0z0/β0δ0 , while the former is
a new scaling relation for the OTOC. Because the scaling
property is universal near the GEP, it is expected that
these two relations are still applicable for the OTOC dy-
namics in finite-size lattice systems. Furthermore, from
Eqs. (4) and (5), one finds that the short-time dynamics
of the OTOC satisfies,
F(t) = gs0f0(tg−ν0z0/β0δ0), (6)
in which s0 is the (0+1)D critical exponent of the OTOC,
and f0 is a scaling function. From Eq. (4), one finds that
s0 = −2. We numerically examine these two relations
for model (1). Since hd < hg for model (1), we focus
on the scaling behavior of the OTOC in the short-time
stage. Figure 3 confirms the above two scaling relations.
Similar scaling behavior has been recently explored in the
Hermitian critical systems [52].
We then show that the short-time dynamics of the
OTOC can also be described by the (1 + 1)D Ising scal-
ing theory for large enough lattice sizes, which guarantee
the usual finite-size scaling is applicable. By taking into
account all of the relevant scaling variables, we obtain a
scaling function for the OTOC,
F(t) = L−s1/ν1f1[(λ− λc)L1/ν1 , gLLβ1δ1/ν1 , tL−z1 ], (7)
in which gL is g for the corresponding L, ν1 = 1, β1 =
1/8, δ1 = 15, and z1 = 1 are the critical exponents in the
(1 + 1)D Ising universality class, and s1 is a new critical
exponent for OTOC in the (1 + 1)D Ising universality
class and it is defined as F ∝ gs1 .
0 1 0 0 2 0 00
200
0
400
0
1 0 - 4 1 0 - 3 1 0 - 210
100
1 0 - 4 1 0 - 3 1 0 - 210
0
102
104
0 2 40.
000
0
0.00
04
( c ) ( d )
 
 
F
t
 3 4 5 6 7
g ( ×1 0 - 4 )( a )
 
 
T
g
D a t a F i t
 
 
A
g
 D a t a F i t
 
 
( b )
Fg2
t g 1 / 2
FIG. 3. (a) The short-time dynamics of the OTOC for various
g with fixed L = 6, and λ = 1.00333. The corrsponding hg is
at hg = 0.02785. (c) The curve for the period T versus g. The
straight line in the double logarithmic coordinates demon-
strates that the relation between them satisfies a power law.
The fitting result shows that the exponent is −0.484. These
results confirm Eq. (5). (d) The curve for the amplitude A (A
is chosen as the value of the first peak) versus g. The straight
line in the double logarithmic coordinates demonstrates that
the relation between them also satisfies a power law. The fit-
ting result shows that the exponent is −2.039. These results
confirm Eq. (4). (b) The rescaled curves collapse onto each
other, confirming Eq. (6).
Here, we determine the critical exponent s1 and ex-
amine Eq. (7). For fixed (λ − λc)L1/ν1 and gLLβ1δ1/ν1 ,
F(t) = Lsf∗1 (tL−z1). Since F(t) oscillates, the depen-
dence of its period T on the lattice size L confirms the
scaling variable tL−z1 and the scaling function f1 in
Eq. (7); and the dependence of its amplitude A on L
gives the exponent s1. Accordingly, from Fig. 4(d), we
find that s1 ' −0.5137. Then, by substituting this result
into Eq. (7), we find that the rescaled curves collapse onto
each other, as shown in Fig. 4(b). These results confirm
Eq. (7).
Note that Eq. (7) should be applicable as long as the
parameter is near the Ising critical point of model (1).
We verify that Eq. (7) can also be used to describe the
OTOC for the usual Hermitian quantum Ising model.
In Fig. 5, we confirm this conclusion by calculating the
model (1) with real external field.
Long-time dynamics controlled by the DEP— We now
study the long-time dynamics of the OTOC. As shown
in Fig. 2, its amplitude increases exponentially. Here we
point out the long-time dynamics is mainly determined
by the states with maximum value of the imaginary-part
of the energy spectra after the DEP. As shown in Fig. 6,
the exponential fitting demonstrates that the OTOC sat-
isfies F(t) ∝ exp[3Max(Im(E))t] in the long-time stage.
To understand the coefficient in the exponent, we in-
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FIG. 4. (a) The short-time dynamics of the OTOC for various
L with fixed (λ− λc)L1/ν1 = 0.02 and gLLβ1δ1/ν1 = 0.20444.
(c) The curve for the amplitude T versus L. The straight
line in the double logarithmic coordinates demonstrates that
the relation between them also satisfies a power law. The fit-
ting result shows that the exponent is 1.013. These results
confirm the scaling variable tL−1. (d) The curve for the pe-
riod A versus L. The straight line in the double logarithmic
coordinates demonstrates that the relation between them sat-
isfies a power law. The fitting result shows that the exponent
is s1 = 0.5137. (b) The rescaled curves collapse onto each
other, confirming Eq. (7).
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FIG. 5. (a) The short-time dynamics of the OTOC for various
L with fixed (λ−λc)L1/ν1 = 0.02 and gLLβ1δ1/ν1 = 0.20444i.
Note that the longitudinal field in model (1) has been chosen
to be imaginary, which gives real longitudinal field as the
usual quantum Ising model. (b) The rescaled curves collapse
onto each other, confirming that Eq. (7) is also applicable for
real parameters.
spect Eq. (2). The leftmost evolution operator exp(iHt)
acts on the ground state from the left side, and thus
does not contributes to the divergent behavior, while
each of three other evolution operators contributes one
exp[Max(Im(E))t], since the imaginary-parts of the en-
ergy spectra always appear in pairs and only the positive
part contributes to the long-time OTOC.
Discussion— Here we remark on the results. (a) The
imaginary counterpart of the OTOC defined in Eq. (2)
also satisfies the conclusions obtained above. For exam-
ple, one can find that the imaginary-part of Eq. (3) also
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FIG. 6. The curve of (LnA)/t versus Max(Im(E)) for various
L. These curves depend scarcely on the lattice size. The slope
is about 3.
obey the (0+1)D YLES scaling relation Eq. (6). (b) The
OTOC can also be defined with a PT-symmtry breaking
initial state. In this case, there is no oscillation stage.
However, near the GEP, its short-time dynamics still sat-
isfies the scaling equations (6) and (7).
Recently, the non-Hermitian systems have been real-
ized in experiments. For instance, the YLES has been
detected in a open quantum system with a probe spin
and an Ising bath [16, 35]. Also, the critical dynamics
of the PT-symmetric phase transition has been observed
in a single-photon interferometric network [48] and in
a single spin system [49]. Furthermore, measurements
of the OTOC have been implemented in various sys-
tems [53, 54]. Therefore, it is expected that the evolution
of the OTOC can be measured in these experiments and
the results obtained in this paper can also be detected
therein.
Summary— We have studied the behavior of the
OTOC in the non-Hermitian quantum Ising model. The
role played by the DEP in the evolution of the OTOC
has been identified. Near the GEP, the scaling behav-
ior of the OTOC has been obtained. We have shown
that the scaling behavior can be described by both the
(0+1)D YLES and the (1+1)D Ising universality classes.
The critical exponents of the OTOC in both universal-
ity classes have been determined. We have also pointed
out that the OTOC scaling theory in the (1 + 1)D Ising
universality class can be generalized into real-parameter
cases. Moreover, in the long-time stage, we have found
that the amplitude of the OTOC increases exponentially
and the coefficient in its exponent is three times larger
than the maximum value of the imaginary-part of the
energy spectra. Although it is well-known that the GEP
hosts the YLES, the property of the exceptional point
in the excited states, to the best of our knowledge, has
rarely been investigated. Our present work has taken
the first step in this direction. Besides, it is also inter-
esting to study the OTOC in the topological phase tran-
sitions of non-Hermitian systems [39], and in the non-
5Hermitian disordered systems [47]. These are leaved for
further works.
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6SUPPLEMENTAL MATERIAL
In the supplemental material we study properties of the OTOC defined in a ferromagnetic state, |ψ〉↑ =
∏
i | ↑〉i.
First, we show the distribution of this wave function on the eigenstates in Fig. S1. From Fig. S1, one finds that
the dominate parts are in the low-energy levels. Thus, the short-time dynamics of the OTOC of the |ψ〉F should be
similar to the short-time dynamics of the OTOC defined in the ground state. Figure S2 shows that the near the GEP,
the OTOC of the ferromagnetic state also satisfies Eq. (6). In addtion, Fig. S3 shows that near the critical point, the
OTOC of the ferromagnetic state satisfies Eq. (7).
Then, we show that the long-time dynamics of the OTOC in the ferromagnetic state is different from that in the
ground state. Figure S4 shows although in the long-time scale, the OTOC still increases exponentially, the coefficient
in the exponent is four times larger than the maximum imaginary-part of the energy spectra. The reason is that
besides the middle three evolution operator, the leftmost one still contributes a exp(Max(Im(E))).
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FIG. S1. The distribution of |ψ〉↑ on the eigenstates for L = 8, λ = 1.0025, h = 0.00305 and k = 0. P is defined as P = |〈En|ψ〉|2
and the index n for the eigenstates is sorted in an ascending order according to the real-part of the eigenenergy.
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FIG. S2. (a) The short-time dynamics of the OTOC in the ferromagnetic state for various g with fixed L = 5, and λ = 1.004.
The corrsponding hg is at hg = 0.02785. (b) The rescaled curves collapse onto each other, confirming that the OTOC in the
ferromagnetic state still satisfies Eq. (6).
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FIG. S3. (a) The short-time dynamics of the OTOC in the ferromagnetic state for various L with fixed (λ − λc)L1/ν1 = 0.02
and gLL
β1δ1/ν1 = 0.20444. (b) The rescaled curves collapse onto each other, confirming that the OTOC in the ferromagnetic
state also satisfies Eq. (7) with the same critical exponent s1.
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FIG. S4. The curve of (LnA)/t versus Max(Im(E)) for the OTOC in the ferromagnetic state with various L. The slope is
about 4.
